
On Fluid mehanis formulation of Monge-Kantorovih Mass Transfer ProblemKazufumi ItoCenter for Researh in Sienti� ComputationNorth Carolina State UniversityRaleigh, North Carolina 27695-8205Abstrat The Monge-Kantorovih mass transfer problem is equivalently formulated as anoptimal ontrol prblem for the mass transport equation. The equivaleny of the two problemsis establish using the Lax-Hopf formula and the optimal ontrol theory arguments. Also, itis shown that the optimal solution to the equivalent ontrol problem is given in a gradientform in terms of the potential solution to the Monge-Kantorovih problem. It turns out thatthe ontrol formulation is a dual formulation of the Kantrovih distane problem via theHamilton-Jaobi equations.1 IntrodutionMonge mass transfer problem is that given two probability density funtions �0(x) � 0 and�1(x) � 0 of x 2 Rd, �nd a oordinate map M suh that(1:1) ZA �1(x) dx = ZM(x)2A �0(x) dxfor all bounded subset A in Rn. If M is a smooth one-to-one map, then it is equivalent to(1:2) det(rM)(x)�1(M(x)) = �0(x)where det denotes the determinant of Jaobian matrix of the mapM . Clearly, this problem isunderdetermined and it is natural to formulate a ostfutional for the optimal mass transfer.The so-alled Kantorovih (or Wasserstain) distane between �0 and �1 is de�ned by(1:3) d(�0; �1) = inf ZRd (x�M(x))�0(x) dx:where  is a onvex funtion and (x� y) = (jx� yj) with (0) = 0. For example (x� y) =1p jx�yjp is for the Lp Monge-Kantorovih problem (MKP). Whenever the in�mum is attainedby some map M , we say that M is an optimal transfer for the Monge-Kantorovih problem.The Kantorovih distane is the least ation that is neessary to transfer �0 into �1.The mass transport problems have attrated a lot of attentions in reent years and havefound appliations in many �elds of mathematis suh as statistis and uid mehanis(e.g., see [2, 5℄ and [11℄ for extensive referenes). From a more sienti� point of view the1



Kantorovih distane provides a valuable quantitative informations to ompare two di�erentdensity funtions and it has been used in various �elds of appliations [3℄.It is shown e.g., in [1, 4, 8, 5℄ that the optimal map �M is given by(1:4) D(x� �M(x)) = r�u(x)for a potential funtion �u, where D denotes the derivative of . In fat �u is the optimalsolution to the Kantorovih dual problem (2.2). If  is uniformly onvex, then we an solve(1.4) for �M in terms of r�u. For example for Lp MKPx� �M(x) = jr�u(x)jq�2r�u(x) with 1p + 1q = 1:For L2 MKP, it follows from (1.2) and (1.4) that if  = jxj22 ��u(x), then �M(x) = x�r�u = r and thus  satis�es the Monge-Ampere equation(1:5) det(H )(x)�1(r ) = �0(x);where H is the Hessian of  .In [3℄ the L2 MKP is equivalently reformulated as an optimal ontrol problem:(1:6) d(�0; �1) = min �12 Z 10 ZRd �(t; x) jV (t; x)j2 dxdt over vetor �eld V = V (t; x)�subjet to(1:7) �t +r � (� V ) = 0�(0; x) = �0(x) and �(1; x) = �1(x)Moreover if �V (t; x) is an optimal solution to (1.6){(1.7) and the Lagrange oordinate �X(t; x)satis�es ddt �X = �V (t; �X(t; x)); �X(0; x) = x;then �M(x) = �X(T ; x).The ontribution of this paper is that we will show that the optimal vetor �eld �V toproblem (1.6){(1.7) is given by(1:8) �V (x; t) = rx ��(t; x)where the potential funtion �� satis�es the Hamilton-Jaobi equation(1:9) ��t + 12 jr��j2 = 0; ��(0; x) = ��u(x)and �u determines the optimal map �M in (1.4). Thus, (1.8){(1.9) is an optimal feedbaksolution to ontrol problem (1.6){(1.7), i.e., given �0; �1 �rst we determine  by (1.5) andlet �u = jxj22 �  and then determine �V by (1.8){(1.9).2



Moreover, it will be shown thatd(�0; �1) = min �ZRd(�1(x)v(x)� �0(x)�(0; x)) dx over v�subjet to �t + 12 jr�j2 = 0; �(1; x) = v(x):It is the other ontrol formulation of the L2 MKP and is an optimization problem over thepotential fution v subjet to the Hamilton-Jaobi equation.For the non-quadrati  ase, the (generalized) optimal ontrol problem is formulated as(1:10) min Z 10 ZRd �(t; x) (V (t; x)) dxdtsubjet to (1.7). In this ase the optimal vetor �eld �V is given by(1:11) �V = D�(r��)where � is the onvex onjugate funtion of  de�ned by�(y) = supx fx � y � (x)g:For Lp MKP (x) = 1p jxjp; x 2 Rd; �(y) = 1q jyjq; y 2 Rd;and �V (t; x) = jrx�(t; x)jq�2rx�(t; x)where 1p + 1q = 1 and p 2 (1;1). The potential funtion � = �(t; x) satis�es(1:12) ��t + �(r��) = 0; ��(0; x) = ��u(x):If  is uniformly onvex, then from (1.4)�M(x) = x�D�(r�u(x)):Thus, from (1.2) �u satis�es(1:13) det(r �M)(x)�1(x�D�(r�u(x))) = �0(x):For L2 MKP (1.13) is redued to (1.5). Hene the optimal solution to (1.10) subjet to (1.7)is given in the feedbak form (1.11)-(1.13).An outline of our presentation is as follows. In Setion 2 the basi theoretial resultsonerning the MKP problem is reviewed following [5℄. Then equivalent variational formu-lations (2.5) and (2.8) for the potential funtion are then derived using the duality and theLax-Hoph formula. In Setion 3 we present formal arguments that show the feedbak solu-tion (1.7){(1.9) to (1.5){(1.6). In Setion 4 we validate the steps in Setion 3 mathmatiallyfor L2 MKP. In Setion 5 we present the proofs for the general ase.3



2 Variational FormulationsIn order to present our treatment of the MKP problem, we �rst reall a basi theoretialresult in this setion. The following relaxed problem of (1.3) is introdued by Kantorovih.Let M be a lass of random probability measures � on Rd � Rd satisfying projy� = �0 dxand projx� = �1 dy. Then we de�ne the relaxed ost-funtional(2:1) J(�) = ZRd�Rd (x� y) d�(x; y) over M:Consider the dual problem of (2.1); maximize(2:2) ZRd u(x)�0(x) dx+ ZRd v(x)�1(y) dysubjet to u(x) + v(y) � (x� y):The point of ourse is that the Lagrange multiplier assoiated with the inequality in (2.2)solves problem (2.1). The following theorem [1, 5, 4, 8℄ provides the solution to (2.2) and(1.3).Theorem 2.1(1) there exists a maximizer (�u; �v) of problem (2.2).(2) (�u; �v) are dual -onjugate funtions, i.e.,�u(x) = infy ((x� y)� �v(y))�v(y) = infx ((x� y)� �u(x))(3) �M(x) satisfying D(x� �M(x)) = r�u(x) solves MKP problem.It follows from Theorem 2.1 that (2.3) is redued to maximizing(2:4) J(u) = ZRd u(x)�0(x) dx+ ZRd v(y)�1(y) dyover funtions u, where v is the -onjugate funtion of u. The -onjugate funtion of afuntion u is de�ned by v(y) = infx ((x� y)� u(x)):It is easy to show that the bi -onjugate funtion ~u of u satis�es ~u � u a.e. and thus themaximizing pair (u; v) of (2.4) is automatially -onjugate eah other. Similarly, we havethe equivalent problem of maximizing(2:5) J(v) = ZRd u(x)�0(x) dx+ ZRd v(y)�1(y) dy4



where u(x) = infx ((x� y)� v(y)):Let � be the onvex onjugate of , i.e.,�(x) = supy ((x; y)� (y)):By the Lax-Hopf formula [6℄, if � is the visosity solution to(2:6) �t + �(r�) = 0; �(1; y) = v(y)then(2:7) �(0; x) = supy (v(y)� (x� y)) = �u(x):Thus, Problem (2.2) an be equivalently formulated as maximizing(2:8) J(v) = ZRn(�1(x)v(x)� �0(x)�(0; x)) dxsubjet to (2.6).3 Derivation of Optimal Feedbak SolutionThe optimality ondition of (2.8) subjet (2.6) is formally derived as follows. We de�ne theLagrangian(3:1) L(�; �) = J(�(1))� Z 10 ZRd(�t + �(r�))� dxdt:By applying the Lagrange multiplier theory the neessary optimality is given by(3:2) L�(�; �)(h) = Z 10 ZRd(�t + (D�(r�)�)x)h dxdt� ZRd(h(1; x)�(1; x)� h(0; x)�(0; x)) dx+ ZRd(h(1; x)�1(x)� h(0; x)�0(x)) dx = 0for all h 2 C10 ([0; 1℄� Rd). Hene the neessary optimality redues to(3:3) �t + (D�(r��)�)x = 0�(0; x) = �0(x); �(1; x) = �1(x):5



This implies that if we let �V (t; x) = D�(r��(t; x)) in��t + (�V ��)x = 0; ��(0; x) = �0;then ��(1; x) = �1(x). Moreover, we an argue that(3:4) ZRd(�0�u(x) + �1(x)�v(x)) dx� Z 10 ZRd ��(t; x)( �V (t; x)) dxdt = 0sine ( �V ) = (rx ��;D�(rx ��))� �(rx ��):It follows from (3.3){(3.4) that �V = D�(r��) is the optimal solution to (1.10) subjetto (1.6). In fat, for suÆiently smooth pair (�; V ) satisfying (1.6), we de�ne Lagrangeoordinate X(t; x) by ddtX = V (t; X(t; x)); X(0; x) = x;Then for all test funtion f(3:5) Z 10 ZRd f(t; x)�(t; x) dxdt = Z 10 ZRd f(t; X(t; x))�0(x) dxdt:Z 10 ZRd f(t; x)�(t; x)V (t; x) dxdt = Z 10 ZRd V (t; x(t))f(t; X(t; x))�0(x) dxdt:Note that (1.6) and (3.5) imply that M(x) = X(1; x) satis�es ondition (1.1). Lettingf = (V ) in (3.5), we haveI = Z 10 ZRd �(t; x)(V (t; x)) dxdt = Z 10 ZRd (V (t; X(t; x))�0(x) dxdt:= Z 10 ZRd ( ddtX(t; x))�0(x) dxdt � Z (X(1; x)�X(0; x))�0(x) dx:where we used the Jessen's inequality. Sine �M(x) is the optimal solution to (1.3), it followsthat(3:6) I � ZRd (x� �M(x))�0(x) dx = d(�0; �1):From (3.4), (3.6) and Theorem 2.1(3:7) d(�0; �1) = ZRd(�0�u(x) + �1(x)�v(x)) dx = Z 10 ZRd ��(t; x)( �V (t; x)) dxdt � I:for all pair (�; V ) satisfying (1.6). That is, (��; �V ) is optimal.6



4 Proof of (3.3){(3.4)In this setion we give a proof for the steps of deriving the optimality ondition (3.3) andequality (3.4) in the ase when p = 2, i.e., (jx � yj) = 12 jx � yj2. Suppose v 2 W 1;1(Rd)and v is semi-onvex. Then it follows from the Lax-Hopf formula�(t; x) = supy fv(y)� (1� t)(x� y1� t )g(e.g., see [6℄) that (2.6) has a unique solution � 2 W 1;1([0; 1℄� Rd) with(4:1) j�(t)jW 1;1 � jvjW 1;1 and j�t(t)jL1 � 12 jvj2W 1;1and(4:2) �(t; x+ z)� 2�(t; x) + �(t; x� z) � �C jzj2 for all t 2 [0; 1℄ and x; z 2 Rd:where we assumed v + C2 jxj2 is onvex. Let �� be the solution to (2.6) with �� (1) = v + � hfor h 2 C20(Rd). Assume �� (1) + C2 jxj2 be onvex for j� j � 1 and thus (4.2) holds for �� .Step 1 Sine y ! (x � y) � v(y) is oersive, for eah x 2 Rd there exist y; y� 2 Rd suhthat �(0; x) = v(y)� (x� y); �� (0; x) = (v + � h)(y�)� (x� y�):Thus �(0; x) � v(y�)� (x� y�) = (x + � h)(y�)� (x� y�) + � h(y� )and �(0; x)� �� (0; x) � � h(y� )Similarly �� (0; x)� �(0; x) � � h(y):Hene(4:3) j��(0; �)� �(0; �)j1 � � jhj1:Step 2 Note that(4:4) (�� � �)t + 12(r�� +r�) � (r�� �r�) = 0:Let ��; � > 0 be the standard moli�er. Then(4:5) jr(�� � �)j1 � jr�j17



and(4:6) r(�� � �)! r� a.e. as �! 0+:Moreover (4.2) implies D2(�� � �) � �C:Thus (r(�� � �);r ) � dC ZRd  dxfor  2 W 1;1(Rd) and  � 0 a.e. in Rd. Thus from (4.5){(4.6) and the Lebesgue dominatedonvergene theorem, letting �! 0+(4:7) (r�;r ) � dC ZRd  dxfor  2 W 1;1(Rd) and  � 0 a.e. in Rd. It now follows from (4.4) and (4.7) thatddt j�� (t; �)� �(t; �)j1 � �dC j��(t; �)� �(t; �)j1; �� (1) = �(1) + � hand thus(4:8) j�� (0; �)� �(0; �)j1 � � edC jhj1:Sine from (2.6) Z 10 ZRd 12 jr�� j2 dxdt = ZRd(�� (0; x)� v(x)) dx;we have Z 10 ZRd jr�� j2 dxdt! Z 10 ZRd jr�j2 dxdt:as � ! 0. Sine L2((0; 1)� Rd) is a Hilbert spae, this implies that(4:9) Z 10 ZRd jr�� �r�j2 dxdt! 0as � ! 0.Step 3 For � > 0 let us onsider�t + (r��)x = ���; �(0) = �0Sine � is Lipshitz on [0; 1℄�Rd,t! ZRd [� (r�;r )� (r�(t; �)�;r )℄ dx8



de�nes an integrable, bounded, oersive form on H1(Rd)�H1(Rd) and thus it follows fromthe paraboli equation theory (e.g., see [12, 10℄) that there exits a unique solution �� 2H1(0; 1;L2(Rd))\L2(0; 1;H2(Rd)) provided that �0 2 H1(Rd)\L1(Rd)\L1(Rd). Moreover
(4:10) j��(t)j1 � j�0j1;12 (j��(1)j22 � j�0j22) + � Z 10 jr��(t)j22 dt = 0j��(t)j1 � eCt j�0j1:For the last estimate we have from (4.7)1p ddt j��jp � p� 1p (r�;rj��jp) � (p� 1)dCp j��jp:for p � 1 and thus j��jp � e p�1p dCt j�0jp:Thus �� is uniformly bounded in L2((0; 1)�Rd). Hene there exists a � 2 L1(0; 1;L1(Rd)\L1(Rd)) and subsequaene of �� (denoted by the same) suh that �� onverges weakly to �in L2((0; 1)�Rd) and ��(1)! �(1) in L2(
). Sine for  2 C10 ([0; 1℄� Rd)(4:11) Z 10 ZRd(�� t + ��r� � r � �r�� � r ) dxdt = ZRd(�0 (0)� ��(1) (1)) dxit follows from (4.10){(4.11) that letting �! 0+(4:12) Z 10 ZRd(� t + �r� � r ) dxdt = ZRd(�0 (0)� �(1) (1)) dx:Hene � is a weak solution to(4:13) �t + (�r�) = 0; �(0) = �0:Next we show that (4.13) has the weak unique solution in L1(0; 1;L1(Rd)\L1(Rd)). Let��; � > 0 be the standard moli�er and onsider the adjoint equation(4:14)  t +r(�� � �) � r = f 2 C10 ([0; 1℄� Rd);  (1) = 0:Then, (4.14) has a smooth unique sulution  and J = jr j satis�es(4:15) Jt +r(�� � �) � rJ +D2(�� � �)J = rf; J(1) = 0:Sine  has ompat support, J has a positive maximum over [0; 1℄ � Rd at some point(t0; x0). If 0 � t0 < 1, then from (4.15)Jt(t0; x0) � 0 and rJ(t0; x0) = 0:9



Thus, D2(�� � �)J(t0; x0) � rf(t0; x0)Sine from (4.2) D2(�� � �) � �C, this implies(4:16) jr j1 = J(t0; x0) � jrf j1CLet �; ~� is two weak solutions to (4.13). Then, it folows from (4.12) and (4.14) thatZ 10 ZRd(�� ~�)f dxdt = Z 10 ZRd(�� ~�)(r(�� � �)�r�)r dxdt:By letting � ! 0+, it follows from (4.5){(4.6), (4.16) and the Lebesgue dominated onver-gene theorem that Z 10 ZRd(�� ~�)f dxdt = 0for all f 2 C10 ([0; 1℄� Rd) and therfore � = ~�.Now, let �� be the solution to (4.13) assoiated with �� . Sine �� is uniformly boundedin L1(0; 1;L1(Rd) \ L1(Rd)), there exists a �� 2 L1(0; 1;L1(Rd) \ L1(Rd)) suh that ��onverges weakly to �� in L2((0; 1)� Rd) and �� (1) onverges weakly to ��(1) in L2(Rd) as� ! 0. Note that(4:17) Z 10 ZRd(��  t + (��r�+ �� (r�� �r�) � r ) dxdt = ZRd(�0 (0)� �� (1) (1)) dx:Sine �� is uniformly bounded in L1(0; 1;L1(Rd)\L1(Rd)), it follows from (4.9) and (4.17)that �� is the weak solution to (4.13). Sine (4.13) has the unique weak solution, we onlude�� onverges weakly to � in L2((0; 1)� Rd) and �� (1) weakly to �(1) in L2(Rd) as � ! 0.Step 4 Note that(4:18) Z 10 ZRd �� ( t +r�� � r ) dxdt = ZRd( (0)�0 �  (1)�� (1)) dx:for all  2 W 1;1((0; 1)�Rd). Sine(�� � �)t +r�� � r(�� � �)� 12 jr�� �r�j2 = 0by setting  = �� � � in (4.18), we obtainZRd((�� (0)� �(0))�0(x)� � �� (1)h(x)) dx = 12 Z 10 ZRd �� jr�� �r�j2 dxdtSimilarly, sine (�� � �)t +r� � r(�� � �) + 12 jr�� �r�j2 = 0;10



we haveZRd((��(0)� �(0))�0(x)� � �(1)h(x)) dx = �12 Z 10 ZRd � jr�� �r�j2 dxdt:From (4.3) and (4.8) there exists a subsequene of �� (0)� �� that onverges weakly in L2(Rd)as � ! 0. Sine �; �� � 0 a.e. in (0; 1)� Rd and �� (1) onverges weakly to �(1) as � ! 0,we have lim�!0ZRd �� (0)� �(0)� �0(x) dx = ZRd �(1)h(x) dx:Hene(4:19) J 0(v)(h) = ZRd(�1 � �(1))h(x) dx:Step 5 Assume �v attains the minimum of J(v) in (2.8) and �v is Lipshitz and semi-onvex.Then J 0(�v)(h) = 0 for all h 2 C20(Rd) and thus from (4.19) ��(1) = �1 a.e., where �� is theweak solution to (4.13) with � = ��. Thus, (3.3) holds with � = ��. Sine�t +r� � r�� 12 jr�j2 = 0;it follows from (4.12) with  = � thatZRd(�0(x)�u(x) + �1(x)�v(x)) dx = Z 10 ZRd 12 ��(t; x)j �V (t; x)j2 dxdt:whih shows (3.4).5 General CaseIn this setion we prove (3.3){(3.4) for the general ase (x � y) = 1p jx � yjp; 1 < p < 1.Assume v is Lipshitz and semi-onvex. It the follows from [5℄ that(5:1) �t + 1q jr�jq = 0; �(1; x) = v(x)has a unique visosity solution � 2 W 1;1((0; 1) 2 Rd) satisfying (4.2).Step 1 For h 2 C20(Rd) let v� = v+ � h. If for x 2 Rd, y� = y�(x) 2 Rd attains the maximumof y ! v� (y)� (x� y), thenx� y� = �jrv� (y�)jq�2rv� (y�)11



Sine v� 2 W 1;1(Rd), jy�(x) � xj � � for some � uniformly in x and � . Sine as shown inSetion 4 � h(y) � �� (0; x)� �(0; x) � ��h(y� );ZRd j�� (0; x)� �(0; x)j dx = � ZRd(jh(y(x))j+ jh(y�(x))j) dx:Sine h is ompatly supported, it follws that there exists a onstant M (depends on h) suhthat(5:2) ZRd j�� (0; x)� �(0; x)j dx �M �:Sine from (5.1) Z 10 ZRd 1q jr�� jq dxdt = ZRd(�� (0; x)� ��(1; x)) dx;we have Z 10 ZRd(jr�� jq � jr�jq) dx! 0as � ! 0. Hene Z 10 ZRd jjr�� j q�22 r�� j2 dxdt! Z 10 ZRd jjr�j q�22 r�j2 dxdtas � ! 0 and thereforejr�� j q�22 r�� ! jr�j q�22 r� in L2((0; 1)� Rd):Moreover, there exists a subsequene (denoted by the same) of � suh that r�� (x)!r�(x)a.e. in Rd. Sine by the Lebesgue dominated onvergene theorem(5:3) jr�� jq�2r�� ! jr�jq�2r� in L2((0; 1)�Rd):Step 2 We assume that for p > 2 (i.e., q < 2) jrv(�)j2 �  > 0 a.e. in Rd. Then it followsfrom (5.1) that jr�(t; �)j2 �  a.e. in Rd for t 2 [0; 1℄. LetJ� = jr(�� � �)jq�2r(�� � �)Then,r � J� = jr(�� � �)jq�4(jr(�� � �)j2�(�� � �) + (q � 2)r(�� � �)t[D2(�� � �)℄r(�� � �))Sine from (4.2) D2(�� ��) � �C, there exists a positive onstant Cq suh that r�J� � �Cqand thus (J�;r ) � Cq ZRd  dx12



for  2 W 1;1(Rd) and  � 0 a.e. in Rd. It thus follows from (4.5){(4.6) and the Lebesguedominated onvergene theorem that(5:4) (jr�jq�2r�;r ) � Cq ZRd  dx:for  2 W 1;1(Rd) and  � 0 a.e. in Rd, by letting �! 0+.Step 3 Using the same arguments as in Step 3 in Setion 4,�t + (jr�� jq�2r�� �)x = 0has the unique weak solution �� 2 L1(0; 1;L1(Rd) \ L1(Rd)), i.e.,(5:5) Z 10 ZRd �� ( t + jr�� jq�2r�� � r ) dxdt = ZRd( (0)�0 �  (1)�� (1)) dx:for all  2 W 1;1((0; 1) � Rd). Moreover �� onverges weakly to � in L2((0; 1) � Rd) and�� (1) onverges weakly to �(1) in L2(Rd) as � ! 0. Sine(�� � �)t + jr�� jq�2r�� � r(�� � �) + I1 = 0where I1 = 1q jr�� jq � 1q jr�jq � jr�� jq�2r�� � (r�� �r�) � 0By setting  = �� � � in (4.5), we obtainZRd((��(0)� �(0))�0(x)� � �� (1)h(x)) dx = � ZRd �� I1 dxSimilarly, sine (�� � �)t + jr�jq�2r� � r(�� � �) + I2 = 0where I2 = 1q jr�� jq � 1q jr�jq � jr�jq�2r� � (r�� �r�) � 0;we have ZRd((�� (0)� �(0))�0(x)� � q(1)h(x)) dx = � Z � I2 dx:Sine �; �� � 0 a.e. in (0; 1) � Rd and �� (1) onverges weakly to �(1) as � ! 0, it follwsthat lim�!0ZRd �� (0)� �(0)� �0(x) dx = ZRd �(1)h(x) dx:Thus(5:6) J 0(v)(h) = ZRd(�1 � �(1))h(x) dx:13



Assume �v attains the minimum of J(v) in (2.8) and �v is Lipshitz and semi-onvex. Then,J 0(�v)(h) = 0 for all h 2 C20 (Rd) and therrrfore from (5.6) ��(1) = �1 where �� is the weaksolution to(5:7) �t + (� jr��jq�2r�)x = 0; �(0) = �0Thus, (3.3) holds with � = ��. Sine�t + jr�jq�2r� � r�� 1p jr�jq = 0;it follows from (5.5) with  = � thatZRd(�0(x)�u(x) + �1(x)�v(x)) dx = Z 10 ZRd 1p ��(t; x)j �V (t; x)jp dxdt:whih shows (3.4).Referenes[1℄ Y. Brenier, Deomposposition polaire et rearrangement monotone des hamps deveteurs, C.R. Aad. Si. Paris, Series I, Math. 305 (1987), 805-808.[2℄ Y. Brenier, The dual least ation problem for an ideal, ompressible uid, Arh. Rat.Meh. Analysis 122 (1993), 322-351.[3℄ J.D. Benamou and Y. Brenier, A omputational uid ow the Monge-Kantrovih masstransfer problem, Numer. Math., 84 (2000), 375-393.[4℄ L. Ca�arelli, Alloation maps with general ost funtions, in Partiall Di�erential Equa-tions and Appliations, (P. Marellini, G. Talenti and E. Vesintini eds), Leture Notesin Pure and appl. Math., 177 (1996), 29-35.[5℄ L.C. Evans, Partial Di�erential Equations and Monge{Kantorovih Mass Transfer,preprint.[6℄ L.C. Evans, Partial Di�erntial Equations, AMS, Providene (1998).[7℄ I. Ekeland and T. Turnbull, In�nite-dimensional Optimization and Convexity, Univer-sity of Chiago Press, Chiago (1983).[8℄ W.Gangbo and R.J. MCann, Optimal maps in Monge's mass transport problem, C.R.Aad. Si. Paris, Series I, Math. 321 (1995), 1653-1658.[9℄ K. Ito, An Optimal Optial Flow, SIAM J. Control and Optimization (2003), submitted.[10℄ K.Ito and F. Kappel Evolution Equations and Approximations, World Sienti�, Singa-pore (2002). 14
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