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Abstract

In this paper we propose a least squares formulation for ill-posed inverse problems.
For example, ill-posed inverse problems in partial differential equations are those such
that a solution of inverse problem exists for a smooth data but it does not depend
continuously on data, or there is no solution for inverse problem, e.g., the Cauchy
problem for elliptic equations and backward solution of parabolic equations. We de-
velop the least squares formulation in which the sum of equations error over domain
and data fitting criterion and Tikhonov regularization terms is minimized over entire
solutions. In this way we can establish the existence and uniqueness of an inverse
solution and establish the continuity of the inverse solution for noisy data in L2. The
method can be applied to a general class of nonlinear inverse problems and an operator
theoretic stability analysis is developed. We describe how one can apply the method
for various PDE inverse problems. Numerical tests using backward heat equation and
Cauchy problem for elliptic equations are presented to demonstrate the applicability
and performance of the proposed method.

1 Introduction

Inverse problems are some of the most important mathematical problems in science and
mathematics because they determine unknowns and parameters in models that we cannot
directly observe. They have wide applications in many fields of science and engineering,
see for example [5, 7, 8] and the references therein. Ill-posed inverse problems are those
such that an inverse solution exists for a regular data but does not continuously depend
on data, or there is no inverse solution for noisy data. In this paper we discuss the least
squares formulation for ill-posed inverse problems. Our objective is to develop algorithms
that accurately restore solutions and assure continuous dependence of solution on data by
treating equations and constraints in the framework of the least squares method, i.e., we
address the Hadamard’s question on the well-posedness.
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We illustrate our approach in terms of the backward heat equation

ut =
σ2

2
∆u, (1.1)

where σ > 0 is a given constant, in which we determine the initial condition u(0) by a given
final condition u(1) = f . Our objective is to develop an accurate algorithm so that the
solution depends continuously on data f ∈ L2(Ω). To do so, we formulate the following
regularized least squares problem:

min

∫ 1

0

|ut −
σ2

2
∆u|22,Ω dt+ α |∆u(0)|22,Ω + |u(1)− f |22,Ω (1.2)

over solutions u(t) = u(t, x) ∈ H1(0, 1;L2(Ω))∩L2(0, 1, H2(Ω), where α > 0 is the Tikhonov
regularization parameter. Here, | · |2,Ω denotes the L2 norm. We remark that we use the no-
tation u(t) without including the dependence on x to simply the notations. Our formulation
is very unique in the sense that the unknown initial value u(0) is embedded into a solution
u(t) to the heat equation and the regularization term and/or constraints are incorporated
to make the problem well-posed. Thus, we recover entire solution u(t) as well as the initial
condition u(0).

The properties of the solution u, for example

u ≥ 0 and

∫
Ω

u(x, t) dx ≤ V

can be incorporated into the formulation as constraints on the solution u(t).
It is noted that if there exists a unique solution to a backward heat equation with an

analytic f then for α = 0 the least squares solution recovers the solution. If f ∈ L2 is a noisy
data, the least squares formulation (1.2) recovers an accurate and robust inverse solution u(t).
One can analyze the uniqueness and stability of solutions very directly as will be shown in
Section 1.1. It will be shown that a minimizer u of (1.2) is unique and depends continuously
on f ∈ L2 in an associated graph norm (1.3) and (2.2) defined in Section 1.1 and Section 2
respectively. The graph norm defines a maximum regularity of solutions. Even for very noisy
data one can construct a robust recovery of solution, including the initial condition u(0). No
oscillation is exhibited in our estimate. The given partial differential equation does not hold
exactly and the equation error in the least squares formulation relaxes the ill-posedness in
consequence. The Tikhonov regularization parameter α > 0 can be selected using various
methods detailed in [8] and the references therein, e.g. a balancing principle discussed in
[11, 10] and Morosov discrepancy principle [17, 12]. Or, one can estimate it based on a priori
estimate of the graph norm associated with (1.2).

The Tikhonov regularization techniques are widely used in many applications e.g., [19, 20,
1, 3, 5, 16, 22, 8] the references therein and they result in gaining the stability and enhancing
solutions, e.g., sparsity [12, 8]. Least squares methods are very popular and commonly used.
But, often the solution u is eliminated as a function of unknown x and then minimize the
least squares fit criterion, i.e., function minimization of the form

|F (x)− y|2 + α |x|2
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for certain observations y of solution x [3, 8]. For the case of the backward heat equation
we have F (u(0)) = u(1), x = u(0), which is a linear smoothing operator. As in the field of
penalized regression and lasso [21, 6] one uses various penalizations for unknown x.

In our approach, we directly apply the least squares method to the governing equation
and remedy the ill-posednesss by additional regularization and constraints on the solution
u. Thus, the entire unknown u is determined which in turn determines the unknown x.

The least squares approach in terms of the augmented Lagrangian method in [12] contains
a similar approach and is very close to our formulation. The proposed least squares method is
very close to the quasi- reversibility method [15, 4, 14] and the references therein. Our paper
provides more insight and analysis for analyzing the regularized least squares formulation of
ill-posed problems. Also, the least squares formulation is used in numerical PDEs [1] and
the references therein. The least squares method is used as a numerical algorithm but not
in terms of ill-posed inverse problems that we discuss in this paper. Other criterion can be
used instead, for example least L1 and `1 criterions, which will be discussed in a forthcoming
paper.

Our approach is very powerful and the proposed least squares formulation can be used in a
general class of ill-posed inverse problems, including Cauchy problem for elliptic equations,
backward heat equation, inverse scattering, analytic continuation and sideway equations.
They will be discussed and analyzed in Section 3 in details. We formulate the least squares
formulation of ill-posed inverse problems in Section 2 and analyze the well-posedness of the
method by an operator theoretic analysis in Section 1.1 and Section 2. We introduce the
graph norm (1.3)-(2.2) associated with the least squares formulation. The existence and
uniqueness of solution are established. The solution depends continuously on data f ∈ L2

with respect to the graph norm W . Since the graph norm defines a higher order Sobolev
space, the least squares formulation results in a non-oscillatory reconstruction despite a very
high noise in data. Under certain regularity conditions we analyze the convergence rate of
solution as the noise level decreases. Nonlinear problems are discussed in Section 2.2 and
well-posedness of the constrained least squares problems and stability estimate are presented.

Several selection principles for the regularization parameter α > 0 are introduced along
with a balancing principle. In Section 4 we present numerical tests for demonstrating the
applicabilities and performance for the backward heat equation and the Cauchy problem for
elliptic equations. The performance of the proposed methods are excellent for test problems,
and the well-posedness analysis we presented the method should appeal to more general
applications.

1.1 Backward heat equation

In this section we illustrate our approach and analyse for ill-posed inverse problems using
the backward heat equation (1.2) as an example. Let Ω be a domain in Rd with a suffi-
ciently smooth boundary. We consider the homogeneous Dirichlet boundary condition on
the boundary of the domain ∂Ω, i.e., u = 0 (for simplicity of our discussions). Define a
seminorm W by

|u|2W =

∫ 1

0

|ut −
σ2

2
∆u|22 dt+ |u(1)|2 + α |∆u(0)|22. (1.3)
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Note that∫ 1

0

|ut −
σ2

2
∆u|22 =

∫ 1

0

(|ut|22 + (
σ2

2
)2|∆u|22) dt+

σ2

2
(|∇u(1)|22 − |∇u(0)|22).

Thus, if α |∆u(0)|22 > σ2

2
|∇u(0)|22, then the semi norm W is uniformly coercive, i.e., |u|2W ≥

c |u|2L2(0,1;H1(Ω)∩L2(0,1;H2(Ω) for some c > 0. In general we assume|u|W = 0 implies u = 0 if

α > 0 so that W defines a graph norm. Thus, problem (1.2) is well-posed and has a unique
solution. Moreover, the solution u continuously depends on f ∈ L2(Ω) in the graph norm
W defined by (1.3). Note that u ∈ W implies u ∈ H1(0, T ;L2(Ω)) ∩ L2(0, T,H2(Ω) and it
results in a very strong continuity with respect to f ∈ L2(Ω), which will be demonstrated
in numerical tests. Even if f is a noisy data, the reconstruction u has no oscillation. One
can add the constraints on u, for example, non negativity constraint u(0) ≥ 0, which can be
treated by adding the penalty term

1

ε

∫
Ω

|max(0, u(0))|22 dx

to the least squares formulation (1.2).

2 General Least Squares Formulation

In this section, we present our proposed least squares formulation in the general setting.
Let X and Y be Hilbert spaces. Let L be a closed linear operator in X. We consider an
operator equation Lu = g ∈ X with the observation Cu = f in Y , where C is a suitable
linear operator. Our proposed least squares problem is formulated as follows:

min
u∈X

J(u) = |Lu− g|2X + |Cu− f |2Y + α (u, Pu)X (2.1)

where P is a nonnegative self adjoint operator defined in X and α > 0 is a Tikhonov regular-
ization parameter. A minimizer of (2.1) recovers an approximate or regularized solution u of
the ill posed operator equations Lu = g, Cu = f , directly. That is, (2.1) is a regularization
problem and attempts to transform the original ill-posed problem into a well-posed one, so
that it is stable and can be numerically solved.

Next, we define a semi-norm

|u|2W = |Lu|2X + |Cu|2Y + α (u, Pu)X . (2.2)

It defines a graph norm in X if |u|W = 0 implies u = 0. Under this assumption, (2.1) has a
unique solution and the solution u ∈ X depends continuously on g ∈ X and f ∈ Y in the
graph norm W defined by (2.2). The W -norm is coercive if |u|2W ≥ ω |u|2X for some ω > 0. If
X is finite dimensional, then the W -norm is coercive. If so, then u ∈ X depends continuously
on f ∈ Y and g ∈ X. Moreover, one can apply the Fredholm alternative theorem to show
that the W norm is coercive for many PDE examples considered in this paper assuming that
the domain of the operator L, denoted by dom(L), is a compact set in X. In general, the
graph norm W is very strong as pointed out for the backward heat equation in Section 1.1
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and the proposed least squares method will smooth out and remove any effect of the noisy
data f very effectively.

The solution to (2.1) is given by the normal equation

(L∗L+ C∗C + αP )u = L∗g + C∗f. (2.3)

Numerically, (2.3) must first be discretized. For small scale problems one uses a direct inverse
method to find u for the discretized problem. Especially, for sparse (L, C) one can use LSQR
[18], which is used for our test examples in Section 4. But, for very large scale problems it
can be found by using a pre-conditioned conjugate gradient method. Depending on operator
L∗L + C∗C + αP one can select an appropriate pre-conditioning matrix for a discretized
problem. The performance of pre-conditioned CG will be reported in our future papers.

Next, we establish the following stability result.

Theorem 1 Assume that |u|W = 0 implies u = 0. For û ∈ X satisfying

Lû− ĝ = 0, Cû = f̂ ,

we have
|u− û|2W ≤ |g − ĝ|2X + |f − f̂ |2Y + α (Pû, û), (2.4)

where W is the norm defined by (2.2).

Proof: First of all, we note that

L∗(Lû− ĝ) + C∗(Cû− f̂) + αP û = αP û.

From (2.3), we have

L∗(L(u− û) + C∗C(u− û) + αP (u− û) = L∗(g − ĝ) + C∗(f − f̂)− αP û.

Multiplying this by u− û, we have

|L(u−û)|2X+|C(u−û)|2Y +α (P (u−û), u−û)X = (L(u−û), g−ĝ)X+(C(u−û), f−f̂)Y−α (P (u−û), û)X .

Completing the square gives

|L(u− û)|2X + |C(u− û)|2Y + α (P (u− û), u− û)X ≤ |g − ĝ|X + |f − f̂ |2Y + α (Pû, û)X ,

which implies (2.4). �

2.1 Tikhonov theory

In this section we develop the Tikhonov theory for the least squares formulation (2.1). To
begin, we define

Au = (Lu,Cu) ∈ X × Y, for u ∈ X.

We assume that the null space N(A) = {0} and that A is closed. Under these assumptions,
(2.3) is equivalent to

u = (A∗A+ αP )−1A∗(g, f).
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It is a generalization of the Tikhonov regularization [8] in the sense that A is not necessarily
bounded and (Pu, u) defines a seminorm. In addition, all of the Tikhonov theories [8, 19]
can be applied to our least squares problem. To be more specific, we consider

min Jα(u) = |Au− (gδ, f δ)|2 + α (Pu, u), (2.5)

where
Au† = (g†, f †),

|(gδ, f δ)− (g†, f †)| = δ, where δ is the noise level.

Assume the classical source condition: there exists a representer w such that

A∗w = Pu†. (2.6)

We remark that this source condition is motivated from the conditions that

A∗(Auα − (g†, f †)) = 0,

and if we assume uα → u† and
(g†, f †)−Auα

α
→ w weakly, then we arrive at the source

condition. Under the source condition, we have the following convergence estimates and a
choice of the regularization parameter α > 0:

Theorem 2 If the source condition (2.6) holds, then a minimizer uδα of (2.5) satisfies

(P (uδα − u†), uδα − u†) ≤
1

2
(

δ√
α +
√
α|w

)2,

|Auδα| ≤ δ + 2α |w|.

Thus, for the choice α =
δ

|w|
, we have

(P (uδα − u†), uδα − u†) ≤ 2|w| δ,

|Auδα − (gδ, f δ)| ≤ 3 δ.

Proof: Since uδα is a minimizer of (2.5), we have

|Auδα − (gδ.f δ)|2 + α(Puδα, u
δ
α) ≤ |Au† − (gδ, f δ)|2 + α(Pu†, u†).

It follows from the source condition (2.6) that

|Auδα − (gδ.f δ)|2 + α (P (uδα − u†), uδα − u†) ≤ δ2 − 2(αw,A(uδα − u†),

where we used

(P (uδα, u
δ
α)− (Pu†, u†)− 2(Pu†, uδα − u†) = (P (uδα − u†), uδα − u†).

By completing squares, using the identities Au† = (g†, f †) and |(gδ, f δ) − (g†, f †)| = δ, and
applying the Cauchy-Schwarz inequality, we obtain

|Auδα − (gδ, f δ) + αw|2 + α (P (uδα − u†), uδα − u†) ≤ (δ + α|w|)2.

The assertion follows directly from this and the triangle inequality. �
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2.1.1 Balancing Principle

In order to have an effective solution to the regularized least squares formulation (2.1) it is
essential to select the regularization parameter α > 0. One can use a balancing principle
[8, 11] for the selection of the regularization parameter α > 0. By the Bayes inference, we
have

τ |Au− (g, f)|2 + λ (Pu, u) + b0τ − a0logτ + b1λ− a1logλ,

where we assume that τ > 0 and λ > 0 have the Gamma distribution Γ(α, β) with shape
parameters (a0 + 1, b0) and (a1 + 1, b1), i.e., Γ(a + 1, b)(x) ∼ e−bxxa. Then, the necessary
optimality condition of any minimizer (MAP estimate) (u, λ, τ) of this functional is given by

u = argmin{|Au− (g, f)|2 + α(Pu, u)},

λ =
a1

(Pu, u) + b1

,

τ =
a0

|Au− (g, f)|2 + b0

,

where α =
λ

τ
. Thus, in terms of α, we have

u = argmin{|Au− (g, f)|2 + α(Pu, u)},

α =
a1

a0

|Au− (g, f)|2 + b0

(Pu, u) + b1

.

Equivalently, we obtain the balance principle

α ((Pu, u) + b1) =
a1

a0

(|Au− (g, f)|2 + b0).

Specifically, if b0, b1 are sufficiently small, it reduces to

α (Pu, u) = |Au− (g, f)|2, (2.7)

where we assume a1 = a0. We refer [10, 8] for the convergence analysis and an efficient
iterative method to find α > 0 that satisfies (2.7).

2.2 Nonlinear case

Our proposed approach can be applied to nonlinear problems. Consider nonlinear problem
where L is a densely defined (weakly closed) nonlinear operator in X, i.e.

Lun → y weakly , un → u weakly ⇒ Lu = y

in (2.1). Assume u ∈ X → J(u) is coercive, i.e., J(u) → ∞ as |u|X → ∞. Assume
{un} ∈ X is a bounded minimizing sequence of (2.1). Note that Lun ∈ X and Cun ∈ Y and
P 1/2un ∈ X are uniformly bounded. Let w − limun and w − limLun → y. Then, since L is
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weakly closed and the norm is weakly sequentially lower semi-continuous, u is a minimizer
of J(u).

The necessary optimality condition on (2.1) for the nonlinear case is given by

(L′(u))∗(L(u)− g) + C∗(Cu− f) + αPu = 0. (2.8)

Given (fi, gi) ∈ Y ×X, i = 1, 2, let ui be a solution to (2.8). Then,

L′(u1)∗(L(u2)− L(u1)− (g2 − g1))

+(L′(u2)∗ − L′(u1)∗)(L(u2)− g2) + C∗(C(u2 − u1)− (f2 − f1)) + αP (u2 − u1) = 0,

and

L′(u1)∗(L′(u1)(u2 − u2) + E − (g2 − g1))

+(L′(u2)∗ − L′(u1)∗)(L(u2)− g2) + C∗(C(u2 − u1)− (f2 − f1)) + αP (u2 − u1) = 0,
(2.9)

where
E = L(u2)− L(u1)− L′(u1)(u2 − u1).

Thus, the following theorem follows from (2.9):

Theorem 3 Given (fi, gi) ∈ Y ×X, let ui be a solution to (2.8) for i = 1, 2. Assume that

|L′(u1)φ|2 + |Cφ|2 + α (Pφ, φ) = 0

implies φ = 0 and for φ = u2 − u1 and e = L(u2)− g2, assume that the following coercivity
condition holds for some 0 < β < 1:

(1− β) (|L′(u1)φ|2 + |Cφ|2 + α (Pφ, φ)) + (E, u2 − u1) + ((L′(u2)−L′(u1))(u2 − u1), e) ≥ 0.
(2.10)

Then,
β2 |u1 − u2|2W ≤ |f1 − f2|2Y + |g1 − g2|2X .

Thus, the solution depends continuously on data (f, g) ∈ Y × X. For example, the
assumption (2.10) holds for small residual e and if the graph norm associated with the
linearized operator L′(u1) at u1 dominates the nonlinear term (E, u1−u2). In general L′(u1)
is indefinite but

|L′(u1)φ|2 + |Cφ|2 + α (Pφ, φ)

defines a graph norm for φ ∈ X. One example of such nonlinear operator is the following
semi linear elliptic operator

L(u) = −∆u+ F (u) in Rd.

Then, L′(u)φ = −∆φ+ F ′(u)φ. Consider the case when

Cφ = φ|Γ at a surface Γ and (φ, Pφ) =

∫
Ω̃

|φ|2 dx for a subdomain Ω̃.
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Assume if
L′(u)φ = 0, φ|Γ = 0, φ|Ω̃ = 0

implies φ = 0. Then

|L′(u)φ|2 + |φ|Γ + α

∫
Ω̃

|φ|2 dx

defines a graph norm for φ.

2.2.1 Conditional stability

We first state the concept of the conditional stability [3]. Let Z ⊂ X be a normed space and
let the embedding Z → X be continuous. Let ψ : Z → R+ is a regularization functional.
We set

UM = {u ∈ Z : ψ(u) ≤M}
Consider the operator equation

A(u) = (L(u), Cu) = (g, f) ∈ X × Y, (2.11)

and the regularized least square problem

Jα(u) = |Au− (g, f)|2 + αψ(u). (2.12)

We assume that there exists a non-negative monotone increasing function ω = ω(η), η ≥ 0
satisfying

lim
η→0+

ω(η) = 0 and ω(kη) = b(k)ω(η), for , k > 0

where b(k) is a positive function on (0,∞). We say that for the operator equation (2.11) the
conditional stability holds, if, for a given M > 0, there exists a constant c = c(M) ≥ 0 such
that

|u1 − u2|X ≤ c(M)ω(|Au1 −Au2|X×Y ) (2.13)

for all u1, u2 ∈ Q∩UM , where Q is a subset in Z. Here ω is the modulus of the conditional
stability under consideration. The conditional stability (2.2.1) has been known for various
inverse problems [3, 7] and the references therein with corresponding moduli ω (e.g., loga-
rithmic, Holder rate). For the backward heat equation we refer to [7], Chapter 3, Section 1
(especially, Exercise 3.1.2). Indeed for the backward heat equation, under suitable formu-

lation, we can see that holds with X = Z = Y = L2(Ω) and ω(η) =
(

1
| log η|

)κ
with some

positive constant κ under the constraint ψ(u) = |ut|L2(Ω) ≤M on (0, 1).

We state a priori choice strategy for regularizing parameters and the resulting convergence
rate of the regularized solutions, which is a generalization of the one in [3].

Theorem 4 Suppose the conditional stability (2.2.1) holds and A(u0) = (g0, f0), u0 ∈ Q∩Z.
We assume that

|(gε, fε)− (g0, f0)|X×Y ≤ ε.

Let uα(gε,fε) ∈ Q ∩ Z satisfy

Jα(uα(gε,fε) ≤ inf
u∈Z∩Q

Jα(u) + C0ε
2
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where C0 is a constant and

Jα(u) = |A(u)− (gε, fε)|2X×Y + αψ(u).

We choose α > 0 as
α ∼ ε2 as ε→ 0+.

Then, we have
|uα(gε,fε) − u0| = O(ω(ε)).

Proof: Let M = ψ(u0). Since

Jα(uα(gε,fε)) ≤ Jα(u) + C ε2

for all u ∈ Q ∩ Z,

|A(uα(gε,fε))− (gε, fε)|2 + αψ(uα(gε,fε)) ≤ |A(u0)− (gε, fε)|+ αψ(u0) + C0ε
2

= |(g0, f0)− (gε, fε)|2 + αψ(u0) + C0ε
2

≤ (1 + C0) ε2 + αM

Thus, we have
|A(uα(gε,fε))− (gε, fε)|2 ≤ (1 + C0) ε2 + αM

αψ(uα(gε,fε) ≤ (1 + C0) ε2 + αM.

Since we choose C1ε
2 ≤ α ≤ C2ε

2, we have

|A(uα(gε,fε))− (gε, fε)| ≤ ((1 + C0) +M)1/2 ε = c ε

ψ(uα(gε,fε)) ≤ (1 + C0)C−1
1 +M = M1.

Hence, we have

|A(uα(gε,fε))−Au0|

≤ |A(uα(gε,fε))− (gε, fε)|+ |A(u0)− (gε, fε)| ≤ (1 + c) ε.

By the conditional stability (2.2.1)

|uα(gε,fε) − u0| ≤ c(M1)ω((1 + c) ε) ≤ c(M1)b(1 + c)ω(ε)

as ε→ 0+. �
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3 Concrete Examples

In this section we describe applications of the least squares formulation (2.1) for a general
class of inverse problems. We introduce several inverse PDE problems and formulate the
least squares problem (2.1). We formulate the regularized least squares problem for each
inverse problem, i.e, an appropriate regularization term (Pu, u) is incorporated in the least
squares cost functional and we use L2 norms for X and Y in all least squares formulation
described below. One can verify that the condition in Theorems 1:

|u|W = 0 implies u = 0 (3.1)

is satisfied for all problems we describe below, where | · |W is the semi norm defined by (2.2).
That is, if (Pu, u) = 0, then |u|W = 0 and thus | · |W defines a graph norm of u.

Recall that (2.1) is a regularization problem and attempts to transform the original ill-
posed problem into a well-posed one, so that it is stable and can be numerically solved. As
we have analyzed for the backward heat equation example (1.2) and for the Cauchy problem
in Section 3.1 below, we choose the regularization term (Pu, u) appropriately and verify that
the condition (3.1) is satisfied for each inverse problem. The regularization term is chosen for
approximate solutions to the ill-posed inverse problems (not necessary for the true solution
ū) and it aims to prevent instability. Thus, the solution u ∈ X to (2.1) depends continuously
on g ∈ X and f ∈ Y in the graph norm W in the sense of Theorem 1, i.e., (2.4) holds.

There are various generalizations of the method including nonlinear problems for medium
identification, which will be presented in forthcoming papers.

3.1 Cauchy problem

Consider the Cauchy problem for elliptic equations for which we will find u in a domain Ω
satisfying

∆u = 0, in Ω, u = f and
∂u

∂n
= g at Γ.

It is the harmonic extension problem of the boundary Cauchy data (f, g) ∈ H 3
2 (Γ)×H 1

2 (Γ)
at Γ to a domain Ω. We assume that Γ is a sub-boundary of Ω. We formulate the least
squares problem with X = L2(Ω) and Y = L2(Ω):

min

∫
Ω

|∆u|2 dx+

∫
Γ

|u(s)− f(s)|2 ds+ α

∫
Ω̃

|u|2 dx (3.2)

subject to the Neumann boundary condition ∂u
∂n

= g at Γ, where Ω̃ is a subdomain of Ω

In our numerical tests we select Ω = (0, 1)2 and Γ = {x1 = 0} and Ω̃ = {x1 > .56}. Due
to the ill-posedness of the problem, reconstruction u becomes less accurate away from the
boundary Γ. Thus, in order to obtain a better and stable reconstruction near the boundary
Γ we constrain a regularized solution to decay on a subdomain Ω̃ away from Γ. That is, we
use the regularization term ∫

Ω̃

|u|2 dx
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and it also guarantees the condition (3.1). If the true solution decays, the regularized solution
is much accurate as shown in Figure 4. In this example | · |W defines an equivalent norm to

H2(Ω) since ∆u ∈ L2 with the Neumann blubbery condition ∂
∂n
u = g ∈ H 1

2 (Γ).

3.2 Side way equations

Consider the side way heat equation

ut = ∆u, u(t, 0, y) = f(t, y), ux(t, 0, y) = g(t, y) on 0 < t < T,

where at x = 0 we have the Cauchy data (f, g) in (t, y) ∈ (0, T )× (0, L). We formulate the
least squares problem with X = L2((0, T )× Ω) and Y = L2((0, T )×R+):

min

∫ T

0

∫
Ω

|ut −∆u|2 dxdy dt+

∫ T

0

∫ L

0

|u(t, 0, y)− f(t, y)|2 dt+ α

∫ T

0

∫
x≥.75L

|u|2 dxdy dt,

subject to the Neumann boundary condition ∂u
∂n
|x=0 = g(t, y) at Γ, where Ω = {x > 0}.

A subdomain Ω̃ = {x > .75L} is selected such that solution u decays on Ω̃ as for Cauchy
problem and is used for the regularization term. In this example | · |W defines an equivalent
norm to W 1,2((0, T )× (0, L)).

3.3 Time reversal wave equation

We will determine the initial pressure (0, ut(0, x, y)) for the wave equation

utt = ∆u in (0, T )×R2

from a segment measurement at a surface (x, y) ∈ Γ

ut(t, x, y) = p(t, x, y),
∂u

∂n
(t, x, y) = 0 in (0, T ) at (x, y) ∈ Γ.

We formulate the least squares problem with X = L2((0, T )× Ω) and Y = L2((0, T )× Γ):

min

∫ T

0

∫
Ω

|utt−∆u|2 dxdy dt+
∫ T

0

∫
Γ

|ut(t, x, y)−p(t, x, y)|2 dsdt+α (

∫
|∇ut(0)|2 dx+

∫ T

0

∫
Ω̃

|ut|2 dxdy dt.

In this example we use the regularization on initial velocity ut(0) and ut defined on a subdo-
main Ω̃ away from the boundary Γ and | · |W defines an equivalent norm to W 1,2((0, T )×Ω).

3.4 Moving sensor problem

In general we consider a moving sensor problem for heat equation

ut = ∆u, u(tk, x) = f(x) x ∈ Ωtk ,

where Ωtk are moving sensor sub-domains. We formulate the least squares problem with
X = L2((0, T )× Ω) and Y = L2((0, T )× ∪kΩk):

min

∫ T

0

∫
Ω

|ut −∆u|2 dx dt+
∑
k

∫ T

0

|u(tk)− f |2Ωtk dt+ α

∫ T

0

∫
Ω̃

|u|2 dx dt.

where Ω̃ is a sub domain (away from Ωtk). In this example | · |W defines an equivalent norm
to W 2,2((0, T )× Ω).

12



3.5 Inverse scattering

Le u be a scattering field defined by the Helmholtz equation

∆u+ k2 u = 0, u|Γ = f

given a wave constant k and f , a measurement at a surface Γ. We formulate the least squares
problem for u with X = L2(Ω) and Y = L2(Γ):

min |∆u+ k2 u|2 + |u− f |2Γ + α |∂u
∂n
− ik u|2

Γ̃

to recover a scattering field near Γ. Here, Γ̃ is a sub-boundary away from Γ and we penalized
the far-field condition at Γ̃. In this example | · |W defines an equivalent norm to H2(Ω).

3.6 Singular PDE Examples

The least squares method can be applied to a very singular nonlinear problems, e.g., the
stationary Allen-Cahn equation

L(u) = −ε∆u+ u2(u− 1) = f(x).

If ε > 0 is very small, then the linearization of L at solutions is very indefinite and becomes
harder to solve. But the least squares formulation

min |Lu− f |22 + α |∇u|22

is well-posed with a proper choice of α > 0. The corresponding numerical method works
with standard numerical iteration methods, e.g. Gauss-Newton method.

4 Numerical Tests

In this section we present our numerical findings for two standard problems but most relevant
to the least squares formulation and our analysis. That is, we demonstrate the proposed
method produces excellent construction for the backward heat equation example (1.2) and
for the Cauchy problem in Section 3.1.

In Figure 1 we show numerical results for one dimensional heat equation in Ω = (0, 1)
with homogeneous boundary condition u(0) = u(1) = 0. We use σ2

2
= 0.01 and α = 1.e− 7.

We discretize the heat equation by the implicit Euler in time and the second order central
difference in space. The second Figure shows noisy data u(1) at t = 1 and our estimate. The
first Figure shows our estimate of the initial condition u(0) at t = 0. The third Figure shows
our estimate at t = .5. The last Figure shows our reconstruction error of solution u(t, x).
The relative error is of 10% and errors are not magnified and smooth in time except the final
time t = 1. Actually, our estimates are improved as t > 0 is decreasing. The performance
of our method is excellent and no oscillation of our estimate is observed despite a relatively
large noise in data.
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Figure 1: Reconstruction at t = 0, 1, .5 for 1D backward heat equation: Smooth initial
condition case

Figure 2: Reconstruction at t = 0, 1, .5 for 1D backward heat equation; Non-smooth initial
condition case

Next, Figure 2 shows the results for a piecewise linear initial condition case. The algorithm
performs equally despite a non smooth initial condition. The same observations exactly
apply to smooth initial condition case.

In Figure 3 we show numerical results for the Cauchy problem with Ω = (0, 1)2. We
assume the Cauchy data (f, g) at the boundary x = 0. Also, we assume the Neumann
boundary conditions at y = 0, y = 1. We discretize the Laplace equation by the second order
central difference. The Cauchy data (f, g) is generated from non homogeneous Neumann
boundary value problem at ∂u

∂n
= g at x = 0 and ∂u

∂n
= −g at x = 1 with g = y(1−y)(1−2y).

We select subdomain Ω̃ = {x > .56}. The first two Figures show the exact and noisy data for
Direchlet and Neumann boundary data. The next two Figures show comparison of the exact
solution (Blue) and the estimate solution (Black) at x = .2 and x = .4, respectively. The
last one shows the graph of the exact solution (above, shifted) and the estimated function
(below). Since u does not decay to 0 as x → 1 the estimate is good for {x ≤ .5}. Relative
error on {x ≤ .5} is 0.1537 and 0.1279 in maximum and norm, respectively.

Next, we test for the case when u decays to 0 as x → 1 and Neumann data g is non
smooth. Figure 4 shows numerical results for the exact Cauchy data. On the left we show
comparison of the exact solution (Blue) and the estimated solution (Black) at x = .06, .1, .14
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Figure 3: 2D Cauchy problem, Non-decay case

and x = .2. On the right the graph of the exact solution (above, shifted) and the estimated
function (below).

Figure 5 shows for the case of noisy Cauchy data. The first two Figures show the exact
and noisy data for Direchlet and Neumann boundary data. The third one is for the graph of
the exact solution (above, shifted) and the estimated function (below). The last one shows a
comparison of the exact solution (Blue) and the estimate solution (Black) at x = .06, .1, .14
and x = .2 The Figures show an excellent performance of the proposed methods for the
elliptic Cauchy problem. No oscillation of our estimate is observed

5 Conclusion

We have developed the least squares formulation for ill-posed inverse problems. The method
is based on equation error approach, i.e. the sum of equation and observation errors along
with the Tikhonov regularization terms is minimized. The well-posedness of the proposed
least squares method has been analyzed for a general class of inverse problems, including
nonlinear cases in Theorem 3. Various examples have been introduced to demonstrate the
feasibility of our formulation. In addition we analyze the convergence rate under the source
condition in Theorem 2 and under the conditional stability in Theorem 4 and we have
developed selection principles for the regularization parameter. We tested our methods
for the backward heat equation problem and the Cauchy problem for elliptic equations.
Our numerical tests has shown the applicability and excellent performance of the proposed

15



Figure 4: 2D Cauchy problem, Exact data

Figure 5: 2D Cauchy problem, High Noise case

methods. Also, it was shown that the graph norm W introduced in Section 2 has a very
strong regularizing properties and removes any effect of noisy data effectively.
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