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1 Introduction

We consider the following optimal control problem in Hilbert spaces X and
W: minimize the performance index

Too

(1.1) fO(x(t), ult)) dt

0

subject to
(1.2) %x(t) — F@(),u(®), for t>0,2(0) =z, and uft) € U.

Here U is a closed convex subset of W. We refer to z(-) and u(-) as state
and control functions with z(¢) € X and u(t) € U.

For the purpose of this introductory discussion we assume that for every
z9 € X and u € Uyg = {u € L7,.(0,00;W) : u(t) € U a.e.} there exists
an X-valued continuous semi-flow x(t) = z(t; zo, u) which is a weak solution
to (1.2). Under appropriate conditions (1.1)—(1.2) admits a solution which

satisfies the minimum principle
47(t) = Hy(x(t), u(t), p(t)), =(0) = o,
(1.3) (1) = —Hau(z(t),u(t), p(t)), p(Tw) =0,
u(t) = arg mingey H(z(t),u, p(t),

where H is the Hamiltonian defined by H(x,u,p) = f°(z,u) + (p, f(z,u))x-
The coupled system of two-point boundary value problems with initial condi-
tion for the primal equation and terminal condition for the adjoint equation
represents a significant challenge for numerical computations in case T4, is
large and it has therefore been the focus of many research efforts. An al-
ternative is to construct the feedback solution based on Bellman’s dynamic
programming principle but again, due to computational costs, this is not
tractable except for very limited examples.

In view of the difficulties explained above the question of obtaining sub-
optimal controls arises. One of the possibilities is the time-domain decompo-
sition by receding horizon formulations [ABQRW]. Receding horizon tech-
niques have proved to be effective numerically both for optimal control prob-
lems governed by ordinary (e.g. [CA, JYH, K, MM, PND, SMR]) and for
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partial differential equations, e.g. in the form of the instantaneous control
technique for problems in fluid mechanics [B, CHK, CTMC, HV].

To briefly explain the strategy let 0 = Ty < T}... < T,, = T, describe a
grid on [0,7] and let T > maz{T;sy — T; : i = 0,...,n — 1}. The receding
horizon optimal control problem involves the successive finite horizon optimal
control on [1;,T; + T:

(1.4) min /T (), ut) dt + Gla(Ty +T)),
subject to
(15) Srlt) = P, ule), > T, (1) = 2(T),

where T is the solution to the auxiliary problem on [1; 1,7; 1 + T]. If
T > T;1 — T; we have overlapping domains. The solution on [0, 7] is
obtained by concatenation of the solutions on [T}, ;1] for i = 0,...,n — 1. If
x(T;) is observed, then the receding horizon control is a state feedback since
the control on [T}, T;11] is determined as a function of the state z(7;). The
optimal pair (z(t — T3),u(t — 13)), t € [1;,T; + T satisfies the two point
boundary value problem (1.3) on the interval [0, 7] with the terminal condi-
tion p(T") = G,(x(T")) and the initial condition x(0) = Z. System (1.3) with
Ty replaced by 1", with 7" sufficiently smaller than 7., is better conditioned
and much easier to solve numerically than (1.3) itself.

The theoretical justification of receding horizon control techniques can be
addressed by means of the stabilization problem. Assuming that x = 0 is
a steady state for (1.2) with u = 0 which can be stabilized by means of an
optimal control formulation (1.1) with 7,, = oco. The question is addressed
whether stabilization can also be achieved by means of a receding horizon
synthesis. In order to establish asymptotic stability of the receding horizon
control we utilize a terminal penalty term G(z(7;+ 7)) rather than terminal
constraints requiring that x(¢; + T') is contained in an appropriate neighbor-
hood of the origin which is frequently used for receding horizon control in
connection with ordinary differential equations, see e.g. [NP]. The functional
G : X — R will be chosen as an appropriately defined control Liapunov func-
tion, see Definition 2.1 below. It will be shown that the incorporation of the
terminal cost G to the cost functional provides asymptotic stability and that
a suboptimal synthesis for minimizing (1.1) by receding horizon control.
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Control Liapunov functions received a considerable amount of attention as
a means of analyzing the stability of the control system (1.1)—(1.2), regardless
of issues related to optimal control. We refer to the monograph [FK]| and
the references given there. The use of control Liapunov functions within the
context of receding horizon control is a recent one. In [PND] control Liapunov
functions were utilized as explicit constraints in the auxiliary problems to
guarantee that the final state (7 + 7) lies within the level curve of the
control Liapunov function that is determined by the trajectory controlled by
a minimum norm control. The analysis in [JYH]| utilizes control Liapunov
functions as a terminal penalty as in (1.4). The stabilizing properties of the
resulting receding horizon optimal control strategy are analyzed under the
assumption that f possesses an exponentially stabilizable critical point.

Let us now outline the contributions of this paper. In Section 2 we intro-
duce and discuss a control Liapunov function G (see Definition 2.1 and The-
orem 2.1), and then we establish monotonicity of the value function Vi (zo):

Vr(xy) = inf {/0 fO(x(t), u(t)) dt + G(z(T)) subject to (1.2)}

with respect to T', i.e., Vi(zg) < Vi(wo) < G(zo) for 0 < T < T and
x9 € X, provided that G is a control Liapunov function. This will imply
(see, Theorems 2.2-2.4) that

Tit1

Glaw))+ [ £ u(v) dt < G
where x; = Z(7;). This implies that the states x; are confined to the level
set S, = {x € X : G(x) < G(xy) = a}. Assume that f(0,0) = 0 and
G(0) = 0 and that f°(z,u) > 0 and G(z) > 0 except at (0,0). Then, we
have G(x;11) < Vi(z;) < G(z;). If we assume orbit compactness then for
0 # xy € S, we have G(z;41) < pG(z;) for some p < 1. Hence G(zy) <
p* G(z¢) — 0 as k — oo, which implies asymptotic stability. Moreover, if
f(z,u) > wG(x) for some w > 0, then G(x;y1) < e TG (z;) (see, Theorem
2.4). In Sections 3 and 4 we formulate the control problem (1.1)-(1.2) in
a Gelfand triple formulation and as semi-linear control systems respectively.
We apply our formulations to concrete examples including the incompressible
Navier-Stokes equations and a semi-linear damped wave equation. We also
investigate the important special situation when the quadratic functional
G(z) = §]z[>, @ > 0, can be chosen as a control Liapunov function. This is
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the case if the control system (1.2) is closed loop dissipative, see Definition
3.1, which is useful for certain classes of dissipative equations.

In general this standard quadratic form is not a control Liapunov function.
In Section 4 we analyze a quadratic form motivated from energy multipliers
for the semi-linear wave equations and show that it defines a control Liapunov
function. Under the assumption that the linear part of (1.2) is stabilizable
by linear feedback, we give in Section 5 the construction of a quadratic form
based on the Liapunov equation and show that it defines a local control-
Liapunov function. We also provide an analysis for the choice of the terminal
cost based on finite dimensional approximations to the infinite dimensional
control Liapunov function.

In our discussion above it is assumed that the infinite time horizon optimal
control problem admits a solution, which holds true, for example, in the case
of stabilizable steady states. In general this assumption may not satisfied.
Consider, for instance disturbance attenuation problems and problems with
cost functionals of tracking type. As in the case of finite dimensional control
problems [IK] the results in this paper can be extended to such cases by
introducing a control A-Liapunov function, where the positive constant A
represents the attenuation or tracking rate.

The receding horizon formulation requires knowledge of the state x(7;)
to employ it in feedback form. In the case of partial observations one can
construct a state observer system to estimate x(7;) based on the linearization
of the state dynamics about the optimal pair. This will be discussed in
forthcoming work. Finally we mainly treated bounded distributed affine
controls. We aim for extending our analysis to boundary control and bilinear
control problems.

2 Local control Liapunov functions

Let X and W be Hilbert spaces representing the state and the control space
for the autonomous control system

Lx(t) = fa(t),u(t), t>0
(2.1)



with f(0,0) = 0. Further let U be a closed convex subset of W and, for
T > 0, set

Uyg = {u € Lj,,(0,00;W): u(t) € U forae. t € (0,00)}.

For T' € (0, 00] and u € U, q we refer to x = x(-; 7o, u) as solution to (2.1) on
0,7) if

(05 T, u) = o,
(2.2) z(t + s; 20, u) = x(t; x(s; 20, w), u(- + 5)),

forall 0<s, 0<t,0<t+s<T.

Contents permitting the dependence of x on zy and u will be suppressed.
Throughout we assume that for every 2o € X and 7" > 0 there exists a
control w € L*(0,T;U) such that (2.1) admits a solution = = z(+,x¢,0) on
[0,7]. When referring to the receding horizon strategy we shall for the sake
of simplicity assume that the grid is uniform and that ¢, = kT for k =0, ...

The optimal control problems are defined next. Let
Y1 X xU — RY,

R* = {r > 0}, denote a continuous function and consider the infinite horizon
problem

(2.3) inf /OO Fa(), ul))dt  subject to (2.1).
ueuad 0

If % is quadratic and positive definite in z and u then (2.3) represents a
stabilization problem for (2.1). As described in the introduction the receding
horizon strategy consists of a sequence of subproblems with control horizon
of length 7". The building blocks of the strategy are given by the problems

[ P+ Ge)
(2.4) ad /0

subject to (2.1).

Here G: X — R' is chosen as local control Liapunov function which is
defined next.



Definition 2.1 A nonnegative continuous functional G: X — R with G(0) =
0 is called local control Liapunov functional (CLF) for (2.3) if there exists
a > 0 such that for allzg € S, = {z € X: G(z) < a} and T > 0 there exists
a control u = u(-;x0,T) € U4 such that

(2.5) / Pla(t), u®)dt + G@(T)) < Gla(s), for0<s<T,

where x is a solution to (2.1). G is called global CLF if (2.5) holds for all
ro € X.

To investigate the receding horizon strategy we introduce the value func-
tionals for the infinite and the finite horizon problems (2.3) and (2.4):

Vi(zo) = inf /fo D) dt + Ga(T)),

U
ue ad

subject to (2.1) and

V(gg) = inf /0 " Pat), ut) dt,

U
ue ad

subject to (2.1).

Theorem 2.1 Suppose that G is a local CLF for (2.3), and T > 0, xy € S,.
Then we have Vi(zy) < G(xg) and V(zo) < G(xo). If in addition G is a
global CLF then V (zy) < Vr(zy) for all zy € X.

Proof. The first inequality is a consequence of the definition of local CLF.
We also have G(z(T)) < G(x) and hence x(T) € S,. Therefore concate-
nation of the solutions arising from repeated applications of (2.6) on the
intervals [(k — 1)T’, kT allows to construct a control u € U, with associ-
ated solution = z(-;u) such that for each k£ > 1

kT

G(a(kT)) + / Ple(t), ult)dt < Gla((k - 1)T)).

(k—1)T
Summation over k implies that

kT

G(x(kT)) + folz(t),u(t))dt < G(xg).

0



By the Lebesgue-Fatou lemma and non-negativity of f° we have

/ Oz Ndt < G(xo),

and hence V(zy) < G(x¢). Utilizing the properties for « to be a solution of
(2.1) as specified in (2.2) allows to employ the optimality principle

(2.6) V(zyg) = inf {/ O (t)dt + V(z (T))},
ueuad

where © = z(;z9,u), e.g., see [FS]. If G is a global CLF then by the

argument above V(z(7)) < G(x(T)). Combined with (2.6) this implies

Vizy) < Vip(zg). O

~

Theorem 2.2 (Monotonicity) Let G be a local CLF and 0 < T <T. Then
we have
Vir(zo) < V(o) for all xg € S,.

Proof: Let d > 0 be arbitrary. Then there exists (z,u) with u € L*(0, T;U)
and Z a solution to (2.1) on [0,7] such that

(2.7) / @), at)dt + G@(T)) < Vil(xo) + 0.

We need to argue that @ can be chosen such that G(z(T)) < a. For this
purpose note that V;(zo) < G(xg) by Theorem 2.1. If V. (zo) = G () then
by the definition of CLF @ can be chosen such that G(:E(T)) < (.700) =
Vi(zg) < a. Otherwise G(zg) > Vi (zp) and choosing § < G(xo) — Vip(o),
there exists again @ such that (2.7) holds and G(z(T ) < G(zy) < a. By
(2.5) there is a control @ = u(-; Z(T), T — T) such that

T-T
| e s + Gar-1) < GGo).
where & = #(-;Z(T),a). Concatenation of the solution and control pairs

(Z,u) and (Z, 1) defines a control u with associated solution z on [0, 7] sat-
isfying

Vit < [ P00 + G < [ P w0 + Gt



Combined with (2.7) this implies that Vi (zg) < Vjp(xo) + 0. Since § > 0 was
chosen arbitrarily we have Vp(zy) < V() for 0 < T<T.0O

Theorem 2.3 Assume that G is a local CLF and that (Z,a) is a solution
to the receding horizon problems (1.4) — (1.5) on [0,00). Then we have for
every xo € Sq and k=1,2,---

kT
(2.8) G(zy) + oz, at)dt < G(xp).

0
If Vip(z) < prG(z) for some ppr < 1 and T > 0, independently of x € S,,
then G(zg) < phG(xg) for all k = 1,2,---. If G is a global CLF then
VT(i‘(t)) < VT(xk—l) fO’/’ all t € [Tk—laTk]-

Proof. Inequality (2.7) follows from repeated application of (2.5). Note
that by construction x; € S, for all k. If Vi (z) < pr G(x) for some pr < 1,
T > 0, independently of = € S, then G(zy) < Vp(xg) < prG(xg_1) since
f° > 0 and by iteration G(zy) < pk G(x¢) for each k = 1,2,---. Utilizing
the properties in (2.2) satisfied by a solution to (2.1) allows to apply the
optimality principle which implies

Vi(zee:) = /(;DT FO(&(), a(t))dt + Vir_i(2(2)), for t € [(k — V)T, kT).

If G is a global CLF then T" — Vp(Z(t)) decays monotonically by Theorem
2.2 and consequently Vi (z(t)) < Vi(xg-1) < G(zg—y) for t € [(k — 1)1,k T.
O

In Section 4 we shall consider a class of problems where p; of Theorem
2.3 can be taken strictly small than 1. Next we give a condition for p < 1

which is applicable in case that the controlled orbits are compact.
Let us define for a > 0

S :{(x,u) € X x L*(0,T;U): x = 2(T; x0,u), 29 € Sy ,

Gloltiao, ) + [ £ )it < G}

and set By = {z: |z| < d}, for § > 0.



Proposition 2.1 Let G be a local CLF and assume that S is compact in
X x L20,T5U) our, f2(x,u) > 0 for x # 0, G(z) > 0 for x # 0, and that
(wo,u) — x(T; 9, u) is continuous from S C X x L*(0,T;U) e to X. Then
for every 6 > 0 there exists p = p(T,0) < 1 such that

(2.9) G(z(T;z,u)) < p G(Z),
for all (z,u) € S with z ¢ Bs.

Proof: Let z € S, T # 0, and let @ denote a control such that (2.5) is satisfied
for the associated trajectory. There exists a nontrivial time interval on which
the trajectory z(-;Z,u) does not vanish and consequently G(z(7T;Z,u)) <
G(z). If the assertion of the theorem is false then there exists a sequence
{(Zp,un)} € S with z,, ¢ By such that
Gl 7, 00) > (L 1) G(z).

By compactness there exist subsequences of {Z,} and {a,}, denoted by the
same symbol, and (Z,u) € S with & ¢ By, such that lim Z, = & in X
and lim 4, = 4 weakly in L?(0,7;U). As a consequence of the continuity
assumption limy, ooz (T; Ty, 4,) = & and hence G(x(T';Z,u)) > G(&), which
is impossible. [

Proposition 2.1 asserts that orbits originating in S,, and controlled by the
receding horizon strategy decay into arbitrary small neighborhoods of the
origin with a uniform decay rate.

Theorem 2.4 (Stability) Assume that G is a global CLF and that f°(z,u) >
wG(x) for some w > 0 and all x € X and v € U, and that (u(t),z(t))
minimizes fOT fO(z(t),u(t)) dt+G(x(T)) over u € Uyg subject to (2.1). Then
we have

G(z(T)) < e “T'G(xy).
Proof: By the optimality principle

(2.10) /tT Fo(a(s), uls)) ds + Vi_r(a(7)) = Vi_y(a(t))

for every 0 < ¢t <7 < T. From (2.10) it follows that t — g(t) = Vr_(z(t)) is
a Whl-function. By Theorem 2.1 and the lower bound on f° it follows that

w /t V(@ (s)) ds + Vi (5(7)) < Via(2(0))
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and consequently

d
wy(t) + p g(t) <0 for a.e. t €10,7].

Multiplying by e“* and integrating on [0, 7] implies that

e“Tg(T) —g(0) <0. O

3 Gelfand triple formulation

Let V C X = X* C V* be a Gelfand triple, W = U, and let f : V x
U — V* be a continuous mapping. We assume that for every xy € X and
u € L}, (0,00;U) there exists 7 > 0 (depending on |zg|y and [ |u|* ds) such

that there exists a unique solution x = z(+; xq,u) € W(0,7) = L*(0,7; V) N
H'(0,7;V*) satisfying

(3.1) x(t)—xoz/o F@(s),u(s))ds in V*

and |z(t) — xo|x — 0 as t — 0F. Moreover we assume that |z(t) — zo|y — 0
as t — 07 if xy € V. Note that W(0,7) is continuously embedded into
C(0,73X) (ie., [e()} < [y (le(s)[} + [ a(s)[.) db).

We shall say that the solutions to (3.1) depend continuously on xy € X
and u € L*(0,7;U) if for every C' > 0 there exists 7 > 0 and a continuous,
nondecreasing function M¢(t) with Mc(0) = 1 such that

t
(-, 0, u) = (590, v) iy 0,0 < Me(t) (|0 — yoli + /0 |u(s) — v(s)]?).
for all t < 7, zy, yo € X and u, v € L*(0,7;U) satisfying

[zol, |yo] <C  and / |u|2d5,/ lv|?ds < C2.
0 0

We have the following relationship between control Liapunov functions
and the Hamilton-Jacobi inequality (3.2) given below.
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Theorem 3.1 Assume that G is a conver C*-functional on X, with G(0) =
0, and that x € V — G'(z) € V is continuous.

(a) (Necessity) Assume that for every v € V

(i) w — f(x,u) is continuous from U endowed with the weak topology to V*
and v — fO(x,u) is weakly lower semi-continuous,

(ii) U is weakly compact or u — f°(z,u) is coercive.
Then, if G is a global control Liapunov function, there exists for all zy € V'
an element u € U such that

(3.2) (G'(20), f (w0, u)) vy~ + O, 1) <0,

(b) (Sufficiency) Assume that the solutions to (3.1) depend continuously on
z9 € X and u € L*(0,7;U) and that f with f(0,0) = 0 is continuous in the
sense that

(3.3) f(zn,u,) — f(x,u) weakly in L*(0,7;V*)

if &, — x in W(0,7) and u, — u in L*(0,7;U). Suppose that the level-
sets S, are bounded subsets of X and that there exists a locally Lipschitzean
function ® : X — U, with ®(0) = 0 and such that for all x € V and
u=—o(x)

(3.4) (G' (@), f(z,u))vy- + Oz, u) 0.

Then G is a global control Liapunov function.

Proof: (a) Suppose condition (3.2) does not hold. Then there exits an
xo € V such that

(G (w9), f(zo,u))vve + [ (w0, 1) > 0

for all w € U. Due to assumptions (i) and (ii) the minimal value of the the
functional u — (G'(xo), f(zo, u))v,ve + f°(x0,u) is attained on U and hence
there exists € > 0 such that

(3.5) (G' (), fwo,u) + f(x0,u) > € >0 for all u € U.
By convexity of G and (2.5)

(@ (et =, SENZBEE) T poaa
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Since

LfL F(@(s),uls) ds — f(@(t),ut)) in V*
LI £o(s),uls)) ds — fO(w(t), u(t))

a.e. t € [0,7] as t — 0. Thus, we have

(G'(2(1), f(2(t), u(t)))vys + fO(2(), u(t) <O

for a.e. t € [0, 7]. Since z(t) — x¢ in V, this contradicts (3.5).

(b) (Sufficiency) Let a > 0 be arbitrary. By assumption S, is bounded.
Hence there exists § > 0 such that S, C Bs = {z: |z|x < d}.

First we prove that the assumptions on ¢ guarantee the existence of a unique
locally defined solution = € W (0, 7) to

(3.6) _x0+/ F(a(s), —B(a(s)) ds,

for every xy € Bs. Uniqueness is a consequence of the local Lipschitz property
of ®. To verify existence let xp € V N By and set C' = 2J. Define a sequence
2 in W(0,7) by

o) = w(t; o, —@(a")).
From the following arguments it follows that z* is well-defined for 7 suffi-

ciently small. In fact let 7 be such that (3.1) admits a unique solution if
|zo|x < C and [ |u|*ds < C. Let 7 be further chosen such that

VMo(r) (3 +1927) <1 and max(|2fr, /(Mo(r) ) |@) < 1,

where |®| denotes the Lipschitz constant of ® on the ball in X with center 0
and radius C. If |2%(¢)|x < 2|zo|x = C on [0, 7], then u* = —®(x},) satisfies

/ Wk ds < O
0

and thus by the local continuous dependence assumption

(1) x < \/Me(®) (Jzol% + C2|@2 ) < O

n [0, 7] since \/Mc(T)(i + |®]27) < 1. If we let 2°(¢) = x on [0, 7] then
2F e ¥ ={r e 00,7 X) :|z(t)|x < Con[0,7]} for all k. For the iterates

we find
||z — 2| </ Mc(r)7|®] ||o* — 271,
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where || - || denotes the norm in C'(0,7; X). Thus {2*} is a Cauchy sequence
in C(0,7; X) since /M (7)7|®| < 1. Note that

2 — 2 |l <V Me(T)T|® |25 — 2.

Thus, there exists x € W(0,7) N'Y such that z* converges to x strongly in
W(0,7) and thus u* — u = —®(z) as k — co. The continuity condition for
f implies that x € W (0, 7) is a solution to (3.6).

Let E be a dense subset of Lebesgue points in (0,7) such that for t € £

(3.7) lim + flz(s), =®(z(s)))ds = f(x(t), —P(x(t))) in V.

Since o € V we have from the general assumptions of this section that
x € C(0,7;V). By convexity of G we obtain

G(x(t +h)) = G(x(t) < (G (x(t + b)), x(t + h) — x(t))vy-.
By (3.7) and continuity of  — G'(z) from V to V we have
i Ga(t) < (G'(2(1), f(2(t), =P(z(t)))vy-, for t € E.
Utilizing (3.4) implies that
i Glat) < —fo(x(t), —@(x()), for t€ E.

It follows that
(3.8) G(z(r)) + /ST [P (@(t), —@(z(t)))dt < G(x(s)),

for 0 < s < 7 and zp € VN Bs. A density argument together with the
continuous dependence assumption imply that (3.8) holds for all zy € Bs. In
particular (3.8) holds for zy € S, and hence a unique global solution to (3.6)
exists for every zy € S, and (2.5) holds for every 7" > 0. O

3.1 Quadratic Terminal Penalty

_a

In this section we discuss the case when G(z) = § [2]%, a > 0, can be used
as global CLF.
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Definition 3.1 The control system (1.1)-(5.1) is closed-loop dissipative if
there exists a locally Lipschitzian feedback law v = —K (x) € U such that

(az, f o, —K(@)))vy + (2, —K(x)) <0
for some o >0 and all x € V.
If (1.1)-(3.1) is closed-loop dissipative, then $|x|* can serve as a control

Liapunov function for (2.1)—(2.2) by (3.2) of Theorem 3.1. In general this is
not necessarily the case. But we have the following result.

Theorem 3.2 Let G(z) = §|z|* and let V(x) and Vp(x) be the infinite and

the finite horizon value functionals, respectively. We assume that for every
x € X there exists an admissible control u*(t) = u*(t;x) such that

V(' (7)) + / PO (1), u (8)) dt = V(x)

for all T > 0 and that the corresponding trajectory x*(t) satisfies |x*(t)| <
M e="z|, for M >0, w >0 and all t > 0. Then,

M?«

€_ZWT|LL'|2.

Moreover, if V(z) < 5 |z, then

M?«
Vr(z) < (g + 5 e 2T

Proof: Note that
V() S/O FOla* (1), w(2)) dit+V (% (7)) +G (" (1) =V («*(T)) < V(2)+G (a*(T)),

which implies the first assertion. The second assertion simply follows from
the first one. [

Theorem 3.2 implies that for sufficiently large oz > 0 there exists T >0
such that for T > T we have G(x(T)) < Vr(z) < pr G(z) with pr < 1 and
thus in the notation of Theorem 2.3 we have G(x;) < phG(x), for k € N.
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3.2 Navier Stokes equations

We consider the incompressible Navier-Stokes equations in €2: the velocity
field v = v(z,t) € R? and the pressure p = p(z,t) € R satisfy

(3.9) vy+v-Vo+gradp=vAv+ Bu(t) and divv=0, xz€Q, t>0,

with boundary condition v = 0 on I' and initial condition v(z,0) = vy(x).
Here ©Q is a bounded open domain R¢, d = 2,3 with sufficiently smooth
boundary I'; » > 0 is the kinetic viscosity and Bu(-) represents the control
body force. We use the following standard function spaces (e.g., see [Te]). Let
V be the divergence-free subspace of HE(€2)? defined by V = {¢ € H}(Q)? :
div¢ = 0} and let X be the completion of V' with respect to L?(Q2)%-norm,
ie.

X={pecLl* Q) :divg=0, andn-p=0onT}.

X is a closed subspace of L?(2)¢ when equipped by |¢|x = |¢|.> as norm.
Let P be the orthogonal projection of L?(€2)? on X. The norm in V is given
by |¢|v = |V@|2. We define the Stokes operator Ay € L(V,V*) by

(310) <A0¢7 77/}>V*><V = U(¢7 77/)) = (V¢7 vw)LZ(Q)a

for ¢, 1» € V. The operator Ay has a closed self-adjoint restriction (Ay =
—PA) on X with dom (Ay) = H*(Q)? N V. Also, define the trilinear form b
on V xV xV by

b(u,v,w) = / u;(Dy, vj)w; dz,
Q
and assume that B € L(U, X). Then (3.9) can be expressed as (3.1) with

(f(z,u), Yy~ = (Aox + Bu, ¢)v-v + b(z, z,7),

for z, ¥ € V and v € U. The trilinear form b satisfies

b(v, $, ) +b(v, ¢, ¢) =0

and in the two dimensional case there exist constants M;, M5 such that

1b(v, 6, )| < My [oli) [0y |6lv [0 1]
1/2 1/2 1/2 1/2
1b(v, 6, )| < My [0l [0 01210 goms (10 ¥
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for all v, ¢, 1 € V, respectively ¢ € dom(Ay).

Let us consider the feedback operator ® = fB*, with § > 0. Clearly ®
satisfies the assumptions of Theorem 3.1 (b). With this preparation we have
the following:

Proposition 3.1 Assume that d = 2 and T" > 0 is arbitrary. For every
r9 € X and u € L?(0,T;U) there exists a unique solution x € W (0,T)
to (3.9), and the continuity property (3.3) holds. If zy € V, then z €
C(0,75V) N L*(0,T;dom (Ag)). Moreover G(z) = $|x[5, with o > 0 is a
control Liapunov function for the cost-functional f°(z,u) = %(|z* + [ul?),

provided o is sufficiently small.

The first part follows from standard results on Navier-Stokes equations
and the second one is a consequence of Theorem 3.1 (b) observing that for
u=—-pB* >0

<.l‘,f(.l‘,u)>vyv* = —<A01‘,£L'> - ﬂ |B*£L'|2,

is negative definite by (3.10).

4 Semi-linear control systems

Consider the control system of the form

(4.1) (t) = Ax(t) + F(x(t)) + Bu(t), z(0) ==y € X,

%CU
where A is the infinitesimal generator of a contraction semigroup {S(t) :
t>0on X, Be L(U,X)and u € L},_(0,00;U). The nonlinear function

F: X — X is locally Lipschitz in the sense that for each C' € R there exists
a constant ko such that

|F(z)|x < ke and  [F(z) = F(y)lx <kelr —ylx,

for all z, y € X satistfying |z|, |y| < C. It can be proved (e.g., see [Ta]) that
for every zp € X and u € L} (0,00; U) there exists a unique locally defined

mild solution x in C'(0,7; X) to (4.1), i.e., there exists 7 > 0 (depending on
|zo| and [ |u|® dt) such that

z(t) = S(t)xy + /0 S(t —s)(F(x(s)) + Bu(s))ds, for te|0,7].
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Let J, = (I — 2A)~! denote the resolvent of A. Then we have the following
result:

Theorem 4.1 Assume that G(z) is a C'-functional on X satisfying
(4.2) (G'(x), Az + F(2))x <wG(z) +c(x), forall x € dom (A),

for w € R and a continuous function ¢: X — R. Then the locally defined
solution z(-) to (4.1) satisfies

G(x(t) < e*'G(w0) +/0 ! (c(a(s)) + (G'(x(s)), Buls))) ds,

for ¢t € [0, 7].

Proof: Let z,(t) = J,x(t). Then x, € H*(0,7; X) N C(0,7; dom (A)) and

%xn(t) = Az, (t) + J,(F(x(t)) + Bu(t)) a.e. in (0, 7).
Thus
%G(mn(t)) = (G (xn (1)), Azy (t) + F(x,(t)) + Bu(t)) + ro(t),
where

ra(t) = (G'(2,(t)), J,F(x(t)) — F(x,(t)) + J,Bu(t) — Bu(t)).
By assumption

% G(an(t) < wG(zn(t) + c(zn(t) + (G (2 (1)), Bult)) + r(t),

and using Gronwall’s inequality
(4.3)

t
Gl < Glan) + [ € (elo(s) + (G (an(s)). Buls) +72(s) ds
0
Since x, — z(t) in C(0,7; X) and J,, — I as n — oo we have
t
/ e (s)ds — 0 as n — oo,
0

17



and claim follows by taking the limit in (4.3). O

Theorem 4.2 (Sufficiency) Suppose that G is a C'-functional on X and
that ®: X — U is locally Lipschitz such that

(4.4) (G'(x), Ax + F(z) — B®(7))x < wG(x) — f'(z,®(2)) +c,

for all z € dom (A), where w € R, ¢ is a nonnegative constant and f%: X x
U — RT is continuous. If G(z) > r(]z|x) for a continuous unbounded
function r : Rt — R™, then the closed loop system

%x(t) — Ax(t) + F(a(t) — Bd(z(1)), 2(0) =z

has a unique globally defined mild solution. Moreover, if w < 0 and ¢ = 0,
then G is a global control Liapunov function for the control system (2.3),
(4.1).

Proof: From Theorem 4.1 it follows that
(4.5) G(x(t)) < e G(x(0)) + /t ew(t_s)(—fo(x(s), ®(x(s))) + ¢) ds,
0

for t € [0, 7]. In particular this implies that

Ga(t) < Ca(0) + e L,

w

for t € [0,7]. Hence global existence follows from G(z) > r(|x|x) and the
continuation method. For w < 0 and ¢ = 0 the functional G is a CLF by
(4.1). O

4.1 Semi-linear Wave Equation

In this subsection we demonstrate the applicability of the above results to
the semi-linear wave equation;

(4.6) Yor + V(Y1) — Yoo +y° = ulz, t) xs(x), x€(0,1),

with boundary conditions:
y(t,0) =0, wya(t,1) =0,

18



where ¢ : R — R is a Lipschitz continuous function satisfying ¢ (s)s > 0
for s € R and I C (0,1). To express (4.6) in the abstract form (4.1) we
introduce z(t) = (y(t,-),y(t,-)) € X with X = H}(0,1) x L?(0,1) where

HL(0,1) = {6 € H'(0,1) with 6(0) = 0},
1
equipped with |¢|? = / |¢p.|? dz. Define the linear operator A
0

Alp,¢) = (¥, Por)
with
dom (A) = {(¢, ) € X 19 € H(0,1) and ¢ € H?(0,1), ¢,(1) = 0},
and the nonlinear operator
F(¢) = (0,—¢° — ¥(v)).
Let B be the linear operator on U = L*(0,1) defined by
Bu = (0, x;(x)u).

Then (4.6) can be written as (4.1).
Let v = 0 and define

I [
G(2) = Go.0) = 5 | (uf 1oy do+ 7 [ lol*da

Then
(G'(2), Az + F(2)) = — / () di < 0,

for all z € dom(A) and hence (4.2) is satisfied with w =c¢=0.

Next we consider the linear wave equation
(4.7) Yt = Ygz + u(z,t) xr(x), € (0,1)

with boundary conditions:

y(t,0) =0, w,(¢1)=0,
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and aim for establishing (4.4) with
v
(4.8) @ w) = (el + Julia),

for some v > 0. Let

1 1 1
49 G = [ Q0P +loPdrt [ a@ode+s [ svds

and u = —fBy; x; = —pfYxr where b and [ are positive constants. For
I = (z1,29) C (0,1) we define the piecewise linear function a on (0,1) by

(x on [0, z1]

—a -1
u(x—xl)wLxl on (z1, T3]
Ty — T1

! on (x,1],

with @ > 0. Then for z = (¢,1) € dom(A) we have
(4.10)

J = (G'(2), Az — B0, b)) = / P2+ / 0(@) (Ve + Ga(as — Bx10)) da

1
0
1
+b/ (62 + ¢(dan — Bxrt)) d = Jy + Jo + Ji.
0

Here

11 / 2 2
Jo <= [ Sl (0 + 10a) do + B [l

and

1
7y <b / (0 = |6al?) di + BB [ ]2} sl

Note that ' = o (1 —

) <0on [ and on a" =a > 0on I°% Assume

e 1 1
that 9 —x; > = and let b = . F =(z———)a>0
at vy — 11 > o and le FTE—— or ¢ (2 4(x2—x1))a :
a 1, , a|l
Wehaveb—l—gzconlandéa—b:conIC.Thus,lfB:b+c— 5 =
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& — 9, then
2(.7/'2 — .7/'1)

1
Js—gAUWMw%m+ﬂaWM%b+wwmwm.

Hence we can select 0 < o < 1 such that

1

(111) 725 [P+ 1o de
0

Further o > 0 can be chosen such that

ki(lga” + [0FF) < G0, ) < kalloa]” + [¥F),

for positive constants k1, ks independent of (¢, 1) € X. From these estimates
Theorem 4.2 is applicable and we have:

Proposition 4.1

If o, 3, b, v are sufficiently small positive constants and % < xy — 1, then
G defined in (4.9) is a control Liapunov function for the linear system (4.7)
with cost given by (4.8) and feedback law v = — Sy, x;. Moreover (4.4) holds
with w < 0 and ¢ = 0.

We now turn to the nonlinear equation (4.6).

Proposition 4.2 Assume ; < z, — z; and |¥(¢)| < d[¢| with d >

0
sufficiently small. Then there exists positive constants «, v such that G
defined by

1 1 1 1
Gz = [ S0P+ lou) + 1ol do+ [ a@oids+ [ ovds
0 0 0
is a control Liapunov function for the nonlinear system (4.6) with cost given
by (4.8) and feedback law u = — Sy, x;-

Proof: We show that (4.4) holds with w = 0 and ¢ = 0. If J is defined as in
(4.10), then

(G'(2), Az + F(2) — B (0, x1))x =
(4.12) , X
§J+[:d@%G¢“HMWMm+bA<ﬂﬂﬁ—wwwdm
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where J is defined as in (4.10). Here
1 1
1
- [ a6t s btydo = [ (G- potds <o
0 0

since ¢’ < aand b > %. Thus, the proposition follows from (4.11)—(4.12). O

5 Local control Liapunov function

In this section we describe a method for construction of local control Lia-
punov functions based on the Liapunov equation. Consider the semi-linear
control system

d
(5.1) %x(t) = Az(t) + F(z(t)) + Bu(t), xz(0) =1z € X,
with F' locally Lipschitz continuous. Assume that A — 5 BB*, 5 > 0, gen-
erates an exponentially stable Cy—semigroup S(¢) on X. Let @ denote a
nonnegative, self-adjoint operator on X, and let ¥ be the bounded, nonneg-
ative self-adjoint solution to the Liapunov

(5.2) 2((A—= BB ), Xx)x + (Qz,z) =0 for all z € dom (A),
that is, Yz = [° S*(t)QS(t)z dt, for z € X.
We define )
G(z) = 5 (|z]* + (Zz,2)), for z € X,
and set u = —( B*x. For this choice of u there exists a unique local solution

z(+) of (5.1) on [0, 7], 7 > 0. Assume that there exists a continuous function
v: X — R such that

(6:3)  (Ar,a) = B1B2 + (&, F(@)) - 3 (Qw.2) + (F(2), 5o) < (2),
for all x € dom (A). Then

G(z(t)) < G(xg) + /t’y(x(s))ds for s € [0,7].
Assume further that there exists a0> 0 such that

(5.4) v(z) + fox, —B B*x) <0, forall z € S,.

Then (5.1) with u = —f B*z admits a global solution for zy € S, and G is
a local control Liapunov function for (1.1) subject to (5.1).
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5.1 Example

As an example consider the controlled reaction—diffusion system

m

(5.5)  wi(t, @) = Dypo(t,x) + f(y) + D bi@)ui(t), for t>0, z € (0,1)

1=1

with boundary conditions y(¢,0) = y(¢,1) = 0, where y : RT x [0,1] — R¢,
D is a positive diagonal matrix, f: R? — R? is the reaction rate and b; €
L>=((0,1); R%) is the i—th control distribution function.

Let X = L?((0,1); R%), U = R™ and set

Ay = Dyz  with dom (A) ={y € X : ys, yor € X: y(0) = y(1) = 0},
[F(y)](x) = f(y()),

m

[Bu(z) =Y bi(x)u;, for x € (0,1).
i=1
If F is locally Lipschitz in the sense of Section 4, with F'(0) = 0, and, for
example, Q = 61, with § > 0, and f° is quadratic, then it is straightforward
to check condition (4.5).
Alternatively one can utilize the Gelfand triple formulation of (5.3) with
V = H}((0,1); RY). The left hand side of (5.3) becomes

1
—(Dya, yz) — B|B*y|* — 5(Qu:y) + (F(y),y +Zy),

which suggests to introduce an equivalent norm ||y|| on V' defined by

. 1
[yIl* = (Dys,y) + BIB"y* + 5(Qy. ).
Suppose that F' satisfies

[(F(y),y + Zy) x| < [lyllPa(ly]), forall ye X,

for some ¢: Rt — R. Then, if there exists o > 0 such that

(a(lyl) = 1) [lylI* + f*(y, —By) < 0 for all y € S,

(5.4) is satisfied with v(y) = (¢(Jy|) — 1)||y||?, (5.5) admits a global solution
for all y(0) € S,, and G is a local control Liapunov function.
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5.2 Approximation

Let X,, be finite dimensional subspaces of X with U2, X,, = X, and denote
by P,the orthogonal projections from X onto X,, . Let {A4,,} be a sequence
of approximations of A on X, satisfying

(A Pz ,x)x <0, forallze X,

and
(I —A,) 'Pax— (I —A) 'z|lx =0, asn— o0

for all z € X. By the Trotter-Kato theorem
et Por — S(t)w|x — 0, asn — oo

for all x € X, uniformly on bounded ¢—intervals. Let B, = P,B and @,, =
P,QPF,. We further assume that

(5.5) |eAn=BBaBl D 2| < Me™! ||

for constants M > 1 and w > 0 independent of x € X. Let ¥, : X,, — X,
satisfy the Liapunov equation on X,

(A, — BB.B)*'S, +X,(A, — B,B}) +Q, =0.
That is,
0

From our assumptions it follows that, ¥,P,x — Yz as ¥, — oo for all
x € X. We construct a sequence of functions G, (z) on X by

o) = % (2 + (S, Poz, Py)).

Note that
(Az — B BB*z, %, P,x)

1

Suppose condition (5.3) holds. Then we have

Gn(2(t)) < Gu(xo) + /Ot(v(x(t)) +en(x(1))) dt,
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where
enl(z) = %((Q — Q) x) + (Az — A, Py, S Por)

—B(BB*x — B, B}z, %, P,x) — (F(x),Xx — X, Px).
Here, we note that
(Az — A Py, X, Pyx) =0,
if X,, and X are invariant subspaces of A. Hence, if for some a;,, > 0
(5.7) (@) + en(x) + f*(x, —=p B"z) <0,
for all x € S = {x: G,(r) < a,} then G, is a local control Liapunov

function for the infinite dimensional control problem (1.1), (5.1).

Remark: Alternatively to the semi-linear formulation used above, the ap-
proximation procedure can be cast in the Gelfand triple formulation.

Example Consider the control reaction-diffusion system as in Section 5.1.
Assume D is nonsingular. Let X,, = span {¢;}?_; where ¢; is the i-th eigen
function of A. Then condition (5.1) holds. Assume that () is compact. Then
|12, — || = 0 as n — oo. Since

en(r) = %((Q —Qu)r,x) — B(BB* — ByB'x,7) + (F(x), S — Sz),

thus there exists an «, > 0 such that (5.7) holds. Moreover, {¢;} being
eigenfunctions can be replaced by any complete basis in (H})? since in general

we can show
(Az — A Py, X, Por) < e,/ (Ax, z)|x|

with ¢, -+ 0asn — oo for x € D
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